To support simplifying assumptions used in analytic theories of aqueous systems, we have used computer simulations to examine correlations in the bonding of the individual sites of a water molecule using two qualitatively different extended primitive models, EPM4 and EPM5. We have studied these correlations not only for the fully interacting water molecule ͑considered as a solute͒ but also for a series of other solutes made from the water molecule by turning off some of its interaction sites. We have found that for the EPM5 solvent the local density of water molecules bound to a specific site is independent of the state of the other sites being turned on or off; for the EPM4 solvent such an independence does not hold exactly, but the correlations have been found to be very small. These facts fully justify previously used speculative approximations for the calculation of the solvation Helmholtz free energy of a water molecule, and also lend support to the first-order thermodynamic perturbation theory of Wertheim.
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I. INTRODUCTION
One of the main difficulties in pursuing a molecular theory of liquid water is the fact that many-body effects may play a significant role in determining its properties and that the water-water pair potential is strongly dependent on the relative orientations of the two molecules. Most progress in the theoretical treatments of liquids in general, and water, in particular, has been due to the assumption of pairwise additivity of the total potential energy, U, which is a good approximation for simple spherical atoms ͑such as argon or even methane molecules͒, but it is known to be a poor approximation for liquid water. 1 Nevertheless, this assumption has been applied almost always in theoretical as well as simulation calculations with the hope of understanding liquid water and aqueous solutions by constructing an effective pair potential. As a matter of fact, using effective pair potentials, many properties of liquid water have already been reproduced. This may indicate which of the features of a pair potential may be responsible for the unique properties of water and aqueous solutions.
An integral part of various efforts to construct an analytical theory of aqueous systems are further various simplifying approximations. A typical example is the assumption of the independence of the interaction sites in commonly used first-order thermodynamic perturbation theory of Wertheim.
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A similar assumption, independence of the interaction sites of the water molecule engaged in hydrogen bonding ͑HB͒, was used in calculations of the solvation free energy of the water molecule in liquid water. 3, 4 In view of the importance of the above assumption in pursuing any analytical theory of liquid water, we have tested ''experimentally'' this assumption using computer simulations. We have used two qualitatively different primitive models, EPM4 and EPM5 models 5 descending from the TIP4P 6 and ST2 7 potentials, respectively. The idea underlying this experiment is to consider a hypothetical solute, which is an ordinary water molecule with some of its interaction sites switched off, and to calculate then how the density of water molecules in the region where they can form a HB around this solute changes when one successively turns off the interaction sites. Physical quantities evaluated from simulations to obtain the required information are average energy of the solute, probability distributions of bonds, and spatial distributions of water molecules around the solute.
II. THEORETICAL BACKGROUND
To be consistent with the usual way in which contemporary both effective realistic pair potentials and simple model potentials are written, 5, 8 it is assumed that the water molecule consists of a core ͑oxygen site͒ and k off-center interaction sites of two kinds. A general form of such a potential is
where R 12 ϭ͉R 2 ϪR 1 ͉, R l is the position vector of the oxygen ͑O͒ site of molecule l, and r i (l) is the position vector of embedded site i on molecule l. Further, u OO is a neutral ͑typi-a͒ cally Lennard-Jones͒ interaction between the O sites, and u ss is a site-site interaction ͑usually Lennard-Jones plus Coulombic interaction͒.
Let us consider now the process in which a water molecule ͑labeled as 0͒ is brought from infinity and inserted into bulk water at location X 0 . The Helmholtz free energy associated with this process ͑Helmholtz free energy of solvation͒, ⌬A W * , is given by
͑2͒
where ␤ is the inverse temperature, ␤ϭ1/k B T, B W is the total binding energy of the water molecule at X 0 with all other N molecules of the system,
and the symbol ͗¯͘ W stands for an average over all water molecules but that located at X 0 . To determine ⌬A W * it is useful to decompose the above process into two steps: ͑i͒ first insert a particle interacting with the water molecules of the system only through the potential u OO ; and ͑ii͒ only then its sites are turned on to make the particle equivalent to other water molecules. This decomposition makes it possible to write ⌬A W * as follows:
͑4͒
In these equations, B OO is the energy of the particle at X 0 , stripped off of all interaction sites, with all other molecules,
B ss is the interaction of the sites of the particle at X 0 with the sites of all other particles,
⍀ denotes the volume of the configurational space of one particle, and the symbol ͗¯͘ WϩOO stands for a conditional average over all water molecules but that at X 0 , provided that there is a particle at X 0 that interacts with the water molecules through the potential u OO . Thus, after making use of ͑6͒, we can finally rewrite the solvation free energy as
In two previous calculations of such average quantities it was assumed that the water molecule possessed four interaction sites and that these sites acted independently. 4, 9 This means that the distribution of water molecules around one site, say site a, is independent of the distribution of water molecules around other sites. In means that the average on the rhs of ͑7͒ could be factored into a product of average quantities, i.e.,
Thus, if one further assumes that the sites are equivalent, the solvation free energy of a water molecule may be expressed in a very simple form,
where ⌬A a *ϭϪlog ͗exp͓Ϫ␤B ss ( j) ͔͘ WϩOO is the solvation free energy of an interaction site a. The determination of the solvation energy thus reduces to the calculation of the average energy of the individual interaction sites.
III. MODELS AND COMPUTATIONAL DETAILS
In order to adhere to the general interaction model given in ͑1͒ and yet to operate on a simple level, we use in this study two qualitatively different extended primitive models of water: the five-site model EPM5, 10, 11 which descends from the ST2 potential, 7 and the four-site model EPM4 12 that descends from the TIP4P potential. 6 These models represent two basic geometries of water models ͑both complex and simple͒ commonly used, i.e., the tetrahedral arrangement of four off-center sites ͑EPM5͒ and a planar molecule with two tetrahedrally arranged hydrogens ͑positively charged sites͒ and one negatively charged site located on the bisector of the tetrahedral angle ͑EPM4͒. The extended primitive models adopt the geometry of their more complex ''parent'' models but the site-site interactions are significantly simplified.
The EPM5 model pictures the water molecule as a hard sphere of diameter W ͑representing the oxygen O site͒ with four tetrahedrally arranged embedded interaction sites of two kinds on its surface ͑see Fig. 1͒ : two H sites and two M sites, which represent the positive and negative charges, respectively. A short-range attractive interaction between the unlike sites mimics H bonding and a repulsive interaction between the like sites mimics the interaction between the like charges at close separations ͑for details see Ref. 5͒. The intermolecular potential of the EPM5 model thus assumes the form ͓cf. Eq. ͑1͔͒
where the first term stands for the hard sphere repulsion between the oxygen sites, and the other term for the interaction between the off-center sites,
Here the summations in the first term on the rhs runs over all pairs of like sites, in the other term over the pairs of unlike sites, subscript HS denotes the hard sphere interaction, 11 This choice of parameters and R prevents also double bonding between two water molecules, i.e., there cannot be a pair of water molecules with two hydrogen bonds between their two pairs of sites and, moreover, no site can create more than one bond ͑a condition of steric incompatibilities͒.
Similar to the EPM5 model, the EPM4 model models the water molecule as a hard sphere of diameter W ͑represent-ing the O site͒. It has also two tetrahedrally arranged H sites on its surface but only a single M site located on the bisector H-O-H with ͉OM͉ϭ0.15 W ͑see Fig. 1͒ . The interactions are modeled in the same way as in the EPM5 model with ϭ0.7 W for the range of H bonding and R ϭ0.8 W for the hydrogen-hydrogen hard sphere repulsion. There is no repulsion between the M sites of the EPM4 model because the hard core and the hydrogen-hydrogen repulsion prevent two M sites from getting close to one to another. The tetrahedral structure of the EPM4 liquid results from the mutual effects of the H-H repulsion and M-H attraction forcing the water molecules bonded to the M site to be preferentially in two tetrahedral directions complementary to the two H sites. Therefore, the M site forms typically two bonds and, when making a comparison with the M sites of the EPM5 model, it should be considered as a ͑degenerated͒ double M site. The values of parameters and R prevent again double bonding between two water molecules as in the EPM5 model; however, there is a nonzero probability for the H site to form two bonds, and the M site can be engaged even in three bonds. As a result, the maximum number of bonds that the EPM4 water molecule can establish is not restricted by the number of sites, i.e., 4 as for the EPM5 model ͑note that we count the M site of the EPM4 molecule twice͒ but it can be also 5 or, in an extremely unlikely event, even 6.
Throughout the paper we will use henceforth units such that W ϭ⑀/k B ϭ1, where k B is the Boltzmann constant. It is also worth remarking here that unlike complex point-charge models, for which the definition of H bonding is rather arbitrary, the definition of a H bond is unique for the considered EPM4 and EPM5 models.
To obtain the properties of interest, we carried out a series of standard Metropolis Monte Carlo simulations in an NVT ensemble, 13 each with N W ϭ215 water molecules and one solute molecule. The preferential sampling with the probability distribution function,
was used to sample efficiently the vicinity of the solute. Here r SW is the distance between the solute and a water molecule, and D was chosen so that f (L/2)ϭ0.1, where L is the length of the simulation box. Simulations were organized in cycles, each cycle consisting of N trial attempts. The number of equilibration cycles was 5ϫ10 5 , followed by 18ϫ10 6 productive cycles. Errors were estimated from the standard deviation of the block averages using ten blocks.
IV. RESULTS AND DISCUSSION
The primary motivation for the reported investigation has been to verify validity of Eq. ͑9͒ which means to verify validity of the assumption on the independence of the solvation of the individual interaction sites. For this purpose we may consider an arbitrarily chosen water molecule as a solute, change the number of its interaction sites ͑by setting their interaction to zero͒, and calculate its average energy in dependence on the number of active interaction sites; cf. Eq. ͑7͒. The total internal energy E is given by the water-water interaction, E WW , and by the solute-water interaction, E WS . For the model used these energies are given directly by the number of corresponding hydrogen bonds, i.e.,
When splitting the total energy E into the energy of water molecules, E W , and the energy of the solute, E S , we have to take into account that the interaction energy between water and solute has to be assigned equally both to E W and E S , i.e.,
where
Another source of information on the independence of bonding of the sites comes from the distribution of the number of bonds of the solute, i.e., the relative percentage of the occurrence of a solute to create 0, 1,..., bonds. If the sites act independently, then the probability P th (n) of a solute with N sites to have n bonds must be given by the binomial distribution,
where p is the probability of a single site to create a H bond. In the EPM5 model, the role of the H sites and M sites is fully symmetric and altogether six different molecules ͑sol-utes͒ can be obtained from the EPM5 water molecule by removing some of its interaction sites, including the limiting cases of the hard sphere and the EPM5 molecule itself. Six different infinitely diluted solutions were therefore considered with the solutes labeled according to their turned-on sites; e.g., solute ''HM'' means that one H site and one M site have been activated on the solute molecule; see Table I . The solutes ''M,'' ''MM,'' and ''HMM'' are identical to their symmetric counterparts with all H and M sites interchanged. When constructing the solute by removing some of the sites from the EPM5 molecule, both the attractive and repulsive interactions of the sites are turned off, i.e., as if the sites did not exist at all.
There is no symmetry of the H sites and M sites in the EPM4 model, which leads to a different set of solutes obtained from the EPM4 molecule by removing some of its sites; see Table II . The recognition of the collaborative effect of the H-H repulsions and H-M attractions needed for the proper ͑i.e., with an approximate tetrahedral symmetry͒ creation of H bonds by the M site requires a different process of the removal of interaction sites: the repulsive part of the H sites must be maintained because without the H-H repulsion the bonds established by the M site of the solute would lose its directionality needed for a proper H bond. This is quite evident if we consider the solute ''M.'' In this case the M site would attract H sites of surrounding water molecules in all directions, most easily in those closest to the M site, i.e., close to the position of the turned-off hydrogens where no H bonds with the M site would have been created if all sites had been turned on. Therefore, in solutes with the M site turned on we always keep the repulsive interaction of the H sites of the solute in effect, even when one or both H sites are turned off, i.e., we switch off only the attractive part of the interaction of the turned-off H sites. In the solute ''H,'' only the repulsive and attractive interaction of the single site is turned on; in the solute ''HH'' all repulsive and attractive interactions of the H site are, of course, turned on. Accounting for the different geometry of the EPM4 and EPM5 models we find the above process of removing the individual sites of the EPM4 molecule in direct analogy to that of the EPM5 model.
The density of primitive water is conveniently defined by the packing fraction ϭ(/6)(N/V) W 3 . We applied this definition also to the system containing N W water molecules and one solute molecule, ϭ(/6)(N/V) W 3 , where N ϭN W ϩ1, and used the values EPM5 ϭ0.3, ␤ EPM5 ϭ1/T EPM5 ϭ5, and EPM4 ϭ0.35, ␤ EPM4 ϭ6, found in the previous studies to give the best agreement between the structure of primitive water and that of real water. 11, 12 There- fore, the volume of the periodic simulation box may be the same for all solutes. Moreover, in our studies 14, 15 of hydrophobic hydration of a hard sphere of variable size in primitive water, we showed that replacing a single water molecule by a hard sphere with the identical core W had a negligible effect on the total pressure of the system. For solutes with a nonzero number of turned-on interaction sites the difference must be even smaller because such a solute is, qualitatively, closer to the molecule of water. This means that the pressure was, within simulation uncertainties, the same for all solutions considered.
A. The EPM5 solvent
Since this primitive model has been constructed so as to satisfy the conditions of steric incompatibilities, the number of bonds of any molecule cannot exceed the number of its interaction sites. The average energy of a water molecule, E W /N W , the average energy of the solute, E S , and the average energy per site of the solute, E S /N sites , are given in Table I ; the ratio E S /N sites has been multiplied by 4 in the table to get the quantity directly comparable to the average energy of the water molecule. It is seen that the average energy of the water molecule remains constant for all types of solutes, confirming that the presence of the solute has only marginal effect on the properties of water. The energy of the solute increases, in the absolute value, with increasing number of sites turned on; however, the energy per site of the solute remains constant, which lends support to the original intuitive assumption. For the solute that is identical to the water molecule, the energy E S must be equal to E W , which is satisfied within simulation uncertainties. In this table we also give the probability distributions of bonds. The probability for a site to create a H bond is Ϫ2E S /N sites and can be most accurately determined from the average energy per molecule in pure water, i.e., pϭ0.9225. As it is seen, the observed probabilities P sim (n) of the solute to have n bonds and the predicted probability P th (n) according to ͑18͒ are in very good agreement.
To further support our findings, we have to examine a structural property that would give more detailed information on the bonding of the individual sites in different solutes. Later, in Fig. 3 we plot therefore the angular distribution of water molecules around the solute that are bonded to the solute. Angle ␣ ͑for a definition see Fig. 2͒ is measured in the plane defined by the center of the solute ͑O site͒, one H site, and another off-center site that is either an empty site for Table I for the EPM4 model. The probabilities of the creation of n bonds from simulation are given separately for the individual sites, P H sim (n) and P M sim (n), and for the entire solute, P solute ''H,'' or M site for solute ''HM,'' or another H site in other cases. The distance r OO of the bonded water molecules from the solute can take on any value between 1 ͑the minimum separation due to the hard core repulsion͒ and 1.4 ͑the maximum distance for which a bond can be established with ϭ0.4͒. In the upper part of Fig. 3 we plot the angular distribution regardless of the height of the water molecule above or below the solute's reference plane; in the lower part we consider only those water molecules lying in the slab of thickness 0.25 around the reference plane to distinguish the molecules bonded mostly to in-plane versus off-plane sites. The width of the slab defining the in-plane molecules ͑Ϯ0.25͒ has been chosen as a compromise to include a significant portion of the water molecules bonded to the inplane sites needed for a good statistics and, at the same time, to exclude most of molecules bonded to the off-plane sites. The peak at ␣ϭ0°corresponds to molecules bonded to the H site; the peak at the tetrahedral angle ␣ϭ109.5°corresponds to another site in the reference plane; the peak at ␣ϭ234.7°i s formed by the off-plane sites located above and below the reference plane. Figure 3 confirms that there is almost no correlation between the density of the water molecules bonded to the individual interaction sites. The first peak at ␣ϭ0°is the same for all solutes, the second peak is also very similar for all solutes when this site is turned on. The third peak at ␣ϭ234.7°is different in shape because the corresponding sites are off plane, but its area is the same as that of the first or second peaks for the solute with one off-plane site, i.e., solute ''HHM,'' and twice as big for the water molecule because of two off-plane sites. The peaks are well localized, as was already shown in Fig. 5 of Ref. 12 , for the case of pure water. The minimum at ␣ϭ55°for the ''HM'' solute is deeper than that for the ''HH'' solute, because the M site of the water molecule is not repelled at all by the solute with two H sites, while there is a partial repulsion when the two solute sites are of a different type. The independence of sites is proved both for the in-plane water molecules and all water molecules.
The above results prove the independence of the distribution of bonded water molecules to the interaction sites of the solute, which means that the density of bonded molecules is an additive function of the number of sites turned on. The requirement imposed on the primitive models of water, namely that no double bonding between two molecules may take place, leads to localized regions of the bonded molecules to each site. The localization of these regions is not necessary to prevent double bonding, but guarantees it; however, the localization of the bonding regions does not guarantee the independence of the interaction of the individual sites of different solute molecules. It can be only a priori assumed that the number of bonded water molecules to the solute with a single site would be the same as the number of molecules bonded to any of the four sites of the water molecule because of the different density of water molecules around the solute and possible changes in the structure of water molecules around different solutes. That this indeed happens is demonstrated in Fig. 4 , where the angular distribution of neighbor molecules around different solutes is plotted. Angle ␣ is defined as in the previous case of bonded molecules, but now all molecules ͑i.e., both bonded and nonbonded͒ within the distance of 1.4 from the solute are considered. The distribution of neighbor water molecules around different solutes is not the same and it is not, of course, an additive function of the number of sites. The peak around ␣ϭ0 is similar for all solutes because about 70% of neighbor molecules in this region is bonded, as it is clear from the comparison of the curves in Figs. 3 and 4 . However, the density around the turned-off sites results from the combination of the waterlike and hard-sphere-like nature of the solutes and it is rather a complex function. Gradual changes that take place in the structure around the solute as it undergoes the transition from the neat hard sphere to the full water molecule are also demonstrated in Fig. 5 , where we show the solute-solvent pair correlation function for all six types of solutes considered. The shape of the correlation function remains hard-sphere-like when only one or two identical sites are turned on, but for two and more sites of a different kind, the contact value decreases significantly and the correlation function becomes waterlike.
B. The EPM4 solvent
In comparison with EPM5 water, the behavior of the EPM4 model is more complex because the H sites and the M site are not equivalent by symmetry as in the EPM5 model and both types of sites can create multiple bonds. Nonetheless, the double bonding between two water molecules is not allowed. The average energy of a water molecule, E W /N W , the average energy of the solute, E S , and the average energy per site of the solute, E S /N sites , are given in Table II ; in calculations of the average energy of the solute per site, the M site was treated as a double site ͑see Sec. III͒: N sites HHM ϭ4, N sites HM ϭ3, N sites M ϭN sites HH ϭ2, N sites H ϭ1. The distribution of the number of bonds of the individual H and M sites, P H sim (n) and P M sim (n), as well as of the entire solute, P sim (n), are also given in Table II and shown in Fig. 6 . The first thing we point out is that for the solute identical to the EPM4 water molecule, i.e. the ''HHM'' solute, the average number of bonds of the H site is one-half of the average number of bonds of the M site. If the averages are taken over all molecules ͑pure solvent͒, this statement must be valid exactly because, by definition, there is one H site and one M site participating in any H bond. However, when considering solutes different from the water molecule, e.g., the ''HM'' solute, there is no such relation between the average number of bonds of the H site and M site, because the solute is different from the solvent and the solvent compensates for the discrepancy between the number of H bonds originating in the H site or the M site of the solute. On the other hand, if all solute and solvent molecules were, e.g., ''HM,'' then the average number of bonds of the H site and the M site had to be equal. This demonstrates that the average numbers of bonds for all solutes are, except for EPM4 water itself, characteristics of the solute at an infinite dilution in EPM4 water, while the numbers given for the EPM4 solute are subject to the above formulated restriction and are characteristics of the pure solvent. This feature takes place also in the EPM5 model, but the symmetry of the H sites and M sites makes the probability of bonding of any site of the solute constant to a high degree of accuracy in the EPM5 model.
The probabilities of the H site to create 0, 1, or 2 bonds are dictated by the geometry of the model. On the other hand, the M site is treated as two individual bonding sites collapsed into a single geometric point. If each of these sites acted independently, or, in other words, if there were no correlations between the two regions in which a bond can be established with the M site, the distribution of bonds of the M site would be binomial with two sites and the bonding probability would be equal to one-half the average number of bonds of the M site, as given in Table II . The predicted probabilities P M th (0), P M th (1), and P M th (2) of the M site would be 0.06, 0.36, 0.59, respectively, for the solute ''M,'' 0.05, 0.34, 0.61 for the solute ''HM,'' and 0.04, 0.33, 0.63 for the solute ''HHM,'' i.e., in fair agreement with the simulation data. This finding further supports the idea of treating the M site as degenerated double site. The probability distribution of the number of bonds of the entire solute, given in Table II , can be theoretically predicted with the simplest prediction of the binomial distribution assuming independence of all four sites and an equal probability p of binding of the H sites and M sites ͑which is, however, considered as two degenerated sites͒. The probability pϭ0.775 was taken as one-half of the energy of EPM4 water molecule.
The average number of bonds of the M site for the ''M'' and ''HM'' solutes is, respectively, by 4% and 2% lower than in pure water. The average number of bonds of the H site in solute ''HM'' is close to that in pure water, for the ''H'' and ''HH'' solutes it is lower by 4%. When comparing the average energies per the total number of sites, E S /N sites , this ratio is by less than 3% lower in the solutes with one or more sites turned off than in pure water, i.e., constant within simulation uncertainties.
For the EPM4 solute, the independence of the interaction sites does not hold exactly, as is clear also from Fig. 7 , where the angular distribution of bonded water molecules is plotted for all solutes. The stronger bonding of water molecule relative to other solutes is evident. Note also that the area in which water molecules can establish bonds with the M site of the solute is much broader than for the H sites or the M site in the EPM5 model, as it can be inferred from the curve for the ''M'' solute. The definition of the angle ␣ and the distinction of the molecules as ''in-plane'' molecules is the same as in the case of the EPM5 model. As it can be easily determined from the geometry of the EPM4 molecule, the maximum O-O separation, r OO , of two bonded molecules can be 1.35.
The solute-solvent pair correlation function for all types of solutes descending from the EPM4 water molecule is shown in Fig. 8 . The contact value increases significantly with an increasing number of the turned-on sites. This is the opposite trend to that observed for the EPM5 molecule and is closely related to the position of the M site which requires more bonded molecules to be close to the minimal separation.
V. CONCLUSIONS
We have used computer simulations and two extended primitive models of water to investigate the probability of the formation of bonds between a hypothetical solute ͑a water molecule with a variable number of interaction sites͒ and water molecules in dependence on the number of activated solute's interaction sites. The two models of water used, EPM5 and EPM4, represent two qualitatively different types of models because of their different geometry ͑tetrahedral versus planar͒, the number of interaction sites ͑centralϩfour sites versus centralϩthree sites͒, and bonding ͑sites of the EPM5 model cannot form multiple bonds, while those of EPM4 can͒. By studying these two models we thus have covered rather a broad range of representations of water molecules on a simple level. For the EPM5 solvent we have shown that the probability of creating an H bond with an available interaction site on the solute does not depend on whether other sites of this ͑solute͒ molecule have already been engaged in H bonding or not. For the EPM4 model, such an independence does not hold exactly, but the correlations are very small, which justifies the assumption of independence for practical applications.
The findings of this paper fully confirm the plausibility of the assumption of independence of the interaction sites and have thus important implications regarding the development of an analytical theory of water because they may considerably simplify various considerations. For instance, they may reduce the calculation of average quantities over up to quadruplet distribution function to calculations of averages over pair distributions only. This is clearly a drastic simplification which we hope will render the development of an analytical theory of water ͑and aqueous systems in general͒ feasible.
